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The figures in the margin indicate full marks
for the questions

1. (a) Give an example of a proper subset
of R, whose cluster points are the
elements of the proper subset itself. 1

(b) State whether true or false : 1

In the definition of lim f where c is
X—>»C

a cluster point of the domain of f, it
is immaterial whether f is defined at c

or not.
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(¢) Use the definition o

f limit of a function
to show that

limx =¢ 1
X—-cC

(d) Use ¢-§ definition to establish that

lim xsinl =) 2
x—0 X

(e) Let f:A_R where AcR and c is
a cluster point of A Show that if
Iim f(x)= L, then lim | f(x)-L|=0. 2
x—c x—c

() Define a bounded function with a
suitable example.

2
(g9 Let f:A >R where AcR and ¢ is
a cluster point of A. If lim f <0, then
show that there exists a);l_gghbourhood
Vs(c) of ¢ such that Vx e ANVs(c) with
x%0, fix)sD:. 3

Or

Use squeeze theorem to show that

in x
i Sin &3
x—->0 X
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(h)

0)

(k)

(1)
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Let f:A—->R and g:B—>R be

functions where A BcR and

flA)cB. If f is continuous aErce

and g is continuous at b= flc)eB,
then show that the composition

gf :A—>R is continuous at ce€ A.

Let f:la, b]—»> R be continuous on

[a, b]jc R. Then show that fis bounded

on [a, b].

Let f:I—>R be continuous on I an
interval. If a,bel and keR satisfy

fla)<k< f(p), then show that there
exists a point cel between a and b

such that f(c)=k.

Let f:1—>R be continuous where [

is a closed bounded interval in R.
Show that the set f(I)={f(x):er} is

a closed bounded interval.

teria of continuity to

Use sequential cri
tion is not

establish that Dirichlet’s func
continuous at any real numbers.
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(b)

(c)

(d)

(e)
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State Caratheodory’s theorem.

State whether true or false :

Let xy be an interior point of an interval

JandSthe ¥ derivatives'™ £ £7SE f(")

exist and continuous in
a  neighbourhood of x;, with

[ ) i) ==t (p) =0 and

f™(xp)=0. If n is odd, then f has
no relative extremum at x;.

Use first derivative test to establish that

f defined by f(x)=x> has no
extremum at x =0.

Find the relative extremum of the
n

function f(x)=3 (a; - x> where @, € R;
i=1

1 sis=ns

Let f be continuous on an interval [a, b]
and differentiable on (a, ¢ and (c b)

where c € (a, b). Then if there exists a
neighbourhood (c-3, c+8) of ¢ in [a, b]
such that f(x)>0Vxe(c-8,¢) and

f(x)<0Vxelcc+§), then show that f
has a relative maximum at c.
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Or

Let Ic R be an interval and f:I > R.

Let cel and f'(c) exist and positive.
Then show that there exists a
number §>0 such that f(x)> f(c)

Vxe(c,c+9).

(f) Let f be continuous on a closed interval
[a, b] and differentiable on an open

interval (a, b). If f'(x)=0Vxel(a,b),
show that fis constant on [a, b]. Hence,
show that if g is another function
satisfying that it is continuous on [a, b] |
and differentiable on (a, b) with |
f'x)=¢g'(x)Vxe(a,b), then there }
exists a constant k such that i
f(x)= g(x)+k on [a, b]. 4 i

(g9 Use mean value theorem to show that
x -1
X

<logx<x-1for x>1. 4

(h) State and prove Rolle’s theorem and
give its geometrical interpretation. 4

(i) Use Taylor’s theorem to show that

x2
1—3—SCOS)CV)CE]R 4
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Or
Show that if a>1, then

l+x)*>1l+ax V x>-1

and x # 0.

3. (a) Consider Cauchy’s mean value theorem
for two functions f and g which are
continuous on [a, b] and differentiable

on (a, b) with g'(x)#0V xe€(a, b). For
what value of g(x), Cauchy’s mean

value theorem reduces to mean value
theorem? 1

(b) State Lagrange’s form of remainder in
Taylor’s theorem for a function f :
defined on |[a, b]. 1

(c) State Maclaurin’s infinite  series

expansion about x =0 mentioning the
interval of expansion. 2

(d) Investigate whether the function
f:(0, ) > R given by f(x)=xlogx is
convex or not. 2

(e) Investigate the function
flx) = (x-3P(x+ 1)
for relative extrema. 4

() Let f:I —> R have second derivative on

an open interval I of R. Show that fis
a convex function on [ if and only if

f'(x)20V xel. 5
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(g9 Expand cosx in the Maclaurin’s series. S
Or

Expand log(l+x) in the Maclaurin’s
series.

(h) State and prove Taylor’s theorem with
Cauchy’s remainder. S

* Kk k
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