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1. (@) Let H={1), 12)}. Is H abelian? T

(p) Define commutator subgroup and
characteﬁstic subgroup. 2+2=4

(c) Prove that if G is a cyclic group, then
AutG is abelian. 3

(d) Let Gbe a cyclic group of infinite order.
Then prove that O(AutG)=2. 3

(e) Prove that a group G is abelian if and
only if I; is the only - inner
automorphism. . . 3
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2. Answer any two 6f the following :

(a)

()

(c)

@
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(2)

Let G be a group, then prove that
f:G—> G defined by f(x)=x"!, vxeG
is automorphism if and only if G is
abelian.

Let I{G) be the set of all inner
automorphisms on a group G, then
prove that— ,
() I(G)is normal subgroup of AutG;
" G
(i) 1(G) = ——.

Z(Q)

Let G be a cyclic group generated by a
and O(G)=n>1, then prove that a
homomorphism f:G—5G is an
automorphism if and only if G = < f(a) >.

Let G be a group and G’ be the
commutator subgroup of G, then prove.
that—

(i) G’ is normal subgroup of G;
G . .
(i) ey is abelian;
(iii) if N is any normal subgroup of G,

~ then G/N is abelian if and only if
"G’ N.

Let G be group and Z(G) be the centre
of G, then prove that if -G is cyclic
Z(G) cyclc,

then G is abelian.

4

6x2=12
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(3)

3. (a) Define internal direct product. 2

(b) Let G,, Gy, -+, Gn be a finite collection of
groups such that )
Gl @ G2 & D Gn. = {(glx g2, gn): g; € G'_}
then prove that
I(gp g2 " gn”:lcm“gll: |g2|’ "ty Ign |) 3

(c) If s and tare relatively prime, then prove
that U(st) = U(s) @ U(Y). 4

(d) Suppose that a group is an internal
direct product of its subgroups H and K.
Then prove that—

() H and K have only the identity
element in common,;

(i) G is isomorphic to the external
direct product of H by K. 5

Or

Prove that a group G is internal direct
product of its subgroups H and K if and

only if—

) H and K are normal subgroups
of GG

i) HnK ={e}.

(e) If m divides the order of a finite abelian
group G, then prove that G has a
subgroup of order m. 6
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Or

Let G be a finite abelian group of order
p"m, where p is prime and
plm, then prove that G=HxK
where  H={xeG:xP" =¢} and
K={xeG:x™ =¢).

4. (a) Write the class equation for the group G. 1

(b) Define sylow p-subgroup and conjugacy
class. ' 2+2=4

{c) If |G| = p?, where p is prime, then prove
that G is abelian. 3

(d) Let G be a finite group and Z(G) be the
centre of G. Then prove that
oG
oG =0(1Z(Q) + —_—
Zac2(010(a) 3

(e) Answer any two of the following : 4x2=8

() Let G be a group. Then prove that
O(Ca) =1 if and only if ae Z(G).

(i) Prove that every abelian group of
order 6 is cyclic.

(i) Prove that a group of order 12 has
a normal sylow p-subgroup or
sylow 3-subgroup. -
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(9)
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(5)

Prove that no group of order’ 30 is
simple. ’

Or

Prove that a sylow p-subgroup of a group
G is normal if and only if it is the only

sylow p-subgroup of G.

Suppose that G is a finite group and
p|O(G) where p is a prime number, then
prove that there is an element a in
G such that O(a) = p.

Or

Let G be a group of finite order and
p be a prime number. If p™O(G) and

p™*1]0(G), then prove that G has
subgroup of order p™.
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